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Here, we propose quantum spin Hall-like phononic states in van der Waals bilayer systems with
antiferromagnetic ordering. Antiferromagnetic ordering in bilayer systems with small interlayer in-
teraction makes the total Chern number zero, where the Chern numbers for each layer are opposite
to each other. In bilayer CrI3 where antiferromagnetic ordering has been experimentally demon-
strated, we show that the quantum spin Hall-like states appear with spatially separated chiral edge
modes.
Under broken time-reversal symmetry (TRS) condi-
tions, many exotic states have emerged such as in-
teger quantum Hall (IQH) states, fractional quantum
Hall (FQH) states, and quantum anomalous Hall (QAH)
states [1–5]. In 2005, Kane and Mele showed that non-
trivial topological states can be realized by spin-orbit
coupling (SOC) effects even in TRS invariant systems,
which is the origin of the concept of quantum spin Hall
(QSH) states [6, 7]. After successive works, the con-
cept of topology has been extended to not only semimet-
als such as Dirac and Weyl semimetals [8–11], but also
other fundamental particles, for example the photon [12–
14], magnon [15–17], and phonon [18–20]. For phonons,
a quasi-particle from vibrations of atoms in solids, it
has been revealed that when the TRS in phononic sys-
tems is broken by gyroscopic forces [21, 22] and spin-
phonon interactions (SPI) [23, 24], QAH-like states are
induced with one-way edge modes. However, few studies
for QSH-like states have reported because the phonon
does not have spin, in contrast to electrons. Recently,
several pesudo-spins have been proposed in hexagonal
lattices and the Kekule´ lattice [25–27], showing the po-
tential presence of QSH-like states in phononic systems.
It is therefore desirable to research QSH-like states in
phononic systems for fundamental interest and practical
applications based on phononics.
To go back to the simple model for QSH states pro-
posed by Kane and Mele [6], it can be simply understood
as two copies of the Haldane model with opposite spin
Chern numbers to yield the total Chern number zero.
Although the phonon does not have spin, it is possible to
imagine two identical phonons existing in real space with
opposite Chern numbers. In van der Waals (vdW) bilayer
systems, upper and lower layers can be approximated to
two identical copies in the way that interactions between
layers are quite small without chemical interactions or
surface reconstruction [28, 29]. The remaining key point
is how opposite TRS breaking terms are effectively im-
plemented in the vdW bilayer systems. Very recently,
ferromagnetic ordering in two-dimensional (2D) mate-
rials such as CrI3 and Cr2Ge2Te6 have been reported
in experiments [30, 31], in which a magnetic anisotropy
overcomes the Mermin-Wagner theorem [32]. Moreover,
it is interesting to note that in the bilayer CrI3, magnetic
ordering can be manipulated between ferromagnetic and
antiferromagnetic ordering by electrostatic gate control
[33–35]. Since the antiferromagnetic ordering in the bia-
lyer CrI3 has opposite directions of magnetization, which
determines the sign of SPI [23], we can expect to real-
ize QSH-like phononic systems consisting of two opposite
QAH-like states.
In this Letter, we propose QSH-like phononic systems
in vdW bilayer systems with antiferromagnetic ordering.
The QSH-like phononic state can be viewed as a com-
bination of two copies of QAH states with the opposite
direction of TRS breaking terms in each layer. In this
system, the two layers are considered to be pesudo-spins,
and the opposite directions of the TRS breaking terms
due to antiferromagnetic ordering act as pesudo-SOC in-
teractions. Through our newly developed program, we
show that the QSH-like phononic states can exists in bi-
layer CrI3 together with spatially separated chiral edge
modes. Based on our results, we discuss the difference be-
tween QSH states in an electronic system and the QSH-
like phononic systems, and finally propose its potential
applications which motivate future researches.
In order to calculate topological invariants in phononic
systems under broken TRS conditions, a few Schro¨dinger-
like phononic hamiltonians have been proposed [20, 36].
Here, we employ a form of Schro¨dinger-like phononic
hamiltonian proposed by Liu et al. [36] to calculate topo-
logical invariants under TRS broken conditions, which
can be expressed as
Hkψk =
[
0 iD
1/2
k
−iD1/2k −2iηk
]
= ωkψk = ωk
[
D
1/2
k uk
u˙k
]
, (1)
where Dk, ηk, ωk, and uk represent dynamical matrices,
TRS breaking terms, eigenvalues, and eigenvectors of the
dynamical matrices, respectively. A detailed explanation
is given elsewhere [36]. This hamiltonian form is im-
plemented in the phononTB program we have recently
developed [37], and topological invariants are calculated
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2from periodic parts of the phononic wavefunctions (ψk).
In our phononTB program, force constants of a model
system are constructed by Slater-Koster tight-binding
parameters [38] because the x, y, and z components for
each atomic site can be viewed as three localized p or-
bitals in three-dimensional space. For the phonon disper-
sion curves of real materials, force constants calculated
using the Phonopy program [39] with first-principle cal-
culations are directly read by the phononTB program to
solve the Schro¨dinger-like phononic hamiltonians. In this
work, to obtain the force constants of monolayer and bi-
layer CrI3, 3 × 3 × 1 supercells were employed with the
functional form proposed by Perdew, Burke, and Ernzer-
hof for the exchange-correlation (XC) potential [40] and
Grimme’s corrections [41], as implemented in VASP [42].
According to the previous study [36], an effective k · p
equation for the monolayer honeycomb lattice is ex-
pressed as
Hmono0 (k) = kyτzσx − kxτ0σy, (2)
where σz and τz represent the sublattice and valley in-
dex, respectively, Here the Dirac velocity is set to be
1. Among perturbations which anticommute with the
hamiltonian, τ0σz and τzσz correspond to inversion sym-
metry (IS) breaking and TRS breaking terms, which gives
rise to trivial and non-trivial topological states, respec-
tively [36].
First, we imagine a simple bilayer system consisting of
two copies of a honeycomb lattice without any interlayer
interactions (Fig. 1). To write the hamiltonian for the
bilayer system, we introduce new Pauli matrices referring
to the layer index, εz, in which 1 and -1 indicate an upper
and lower layer, respectively. Since there is no coupling
between the two layers, they can be considered as inde-
pendent systems, and therefore the total hamiltonian for
the bilayer system is given as:
Hbi0 (k) = kyε0τzσx − kxε0τ0σ0. (3)
By using layer, valley, and sublattice indices, the SPI in
the ferromagnetic and antiferromagnetic ordering in the
vdW bilayer systems can be expressed as
HFMT = Ωzε0τzσz
HAFMT = Ωzεzτzσz,
(4)
where Ωz is the strength of SPI. Since antiferromagnetic
ordering has opposite magnetization directions in the up-
per and lower layers, the signs of the SPI should be op-
posite to each other while they are same in ferromagnetic
ordering.
As shown in Fig. 1, at each K and K′ point, the two
Dirac points coming from the two layers are degenerated.
When the ferromagnetic ordering is included, the Berry
phases at K and K′ point are calculated to be 2pi from the
two independent copies of the QAH-like states. Thus the
total Chern number becomes 2. On the other hand, for
the antiferromagnetic ordering in the bilayer, the Berry
phases for the upper and lower layer cancel out at the K
and K′ points, and then the total Chern number will be
zero. However, care should be taken that the Chern num-
bers projected onto each layer are not zero but opposite
to each other. This indicates that the bilayer with an-
tiferromagnetic order has opposite layer Chern numbers.
This concept is very similar to an early idea of Kane and
Mele except that TRS is explicitly broken in the antifer-
romagnetic ordering bilayer system. We can expect that
two one-way edge phonon modes in the opposite direction
occur, but it is interesting to note that they should be
spatially separated into each layer. Therefore, we call it
a QSH-like phononic state with spatially separated edge
states.
We have shown that a bilayer with opposite TRS
breaking terms will generate a QSH-like state if there
is no interlayer interaction. However, in many vdW lay-
ered systems, finite interlayer interactions between two
layers exist even though their strengths are not signifi-
cant. In order to include interlayer interactions between
2D layers, we consider two types of interlayer interac-
tions between an upper and lower layer: Aupper-Alower
and Aupper-Blower. The former (latter) indicates inter-
actions between the same (different) atoms in different
layers. The interaction strengths are denoted by γ1 and
γ2, respectively, and within the same basis of the Eq.3
they are transformed into
HA−Ainter = γ1εxτ0σ0 − γ1εxτyσz
HA−Binter = γ2εxτzσy − γ2εxτxσx.
(5)
For the sake of simplicity, here we only consider inter-
actions between same directions (x-x or y-y), and then
the second term in each Hinter is neglected. Since both
terms include εx causing phonon mixing between layers,
all eigenmodes are separated into two eigenmodes, with
eigenvalues of -1 and 1 corresponding to bonding and
anti-bonding states. In Fig. 2(a), two degenerated lin-
ear dispersions near the K point are separated into two
linear dispersions with a spacing of γ1 or γ2. Therefore,
the presence of interlayer interactions creates two modes
from each intermixed layer.
Considering both the interlayer and TRS breaking in-
teractions simultaneously, two interactions are competing
for the gap opening. As shown in Fig. 2(a), we consider
ferromagnetic (HFMT ) and antiferromagnetic (H
AFM
T ) or-
dering type TRS breaking terms in Hbi0 + H
A−A
inter and
Hbi0 +H
A−B
inter . Since all terms in the hamiltonian do not
have interactions between the K and K′ points, the total
hamiltonian of an 8 × 8 matrix can be split into two 4 ×
4 matrices for each valley. For the HA−Ainter , we find that
HFMT induces a topological phase transition when Ωz ex-
ceeds γ1, while H
AFM
T immediately results in non-trivial
states with a finite gap size of Ωz. However, the gap open-
3ing behavior for HA−Binter is the opposite of that for H
A−A
inter .
Therefore, when considering both interlayer interactions,
HA−Ainter and H
A−B
inter , the TRS breaking terms give rise to
topological phase transitions only if their strengths are
larger than the interlayer interactions. The total phase
diagram is summarized in Fig. 2(e).
From the effective k·p approach, it is found that a topo-
logical phase transition occurs when the TRS breaking
interactions are larger than the interlayer interactions.
Here, using the phononTB program, we demonstrate
a QSH-like phononic state in a simple phononic model
consisting of two honeycomb lattices with Bernal (AB)
stacking. Instead of the interlayer interactions described
above, distance-dependent interlayer interactions (γ) are
employed, and a more detailed description is illustrated
in Fig. 3(a). When interlayer interactions are included,
the Dirac cone at the K and K′ points becomes broken,
and each valley has a berry phase of 2pi and −2pi, re-
spectively. With opposite direction TRS breaking terms
in each layer, which are larger than interlayer interac-
tions, the total Chern number is calculated to be zero
[Fig. 3(b)]. As shown in Fig. 3(c) and (d), in a zigzag
nanoribbon configuration, two chiral edge states at the
same edge propagate in the opposite direction, and they
are separated into each layer. In this case, it is expected
that the total phonon transmission will be measured to
be zero, but there is a non-zero local phonon transmis-
sion in each layer. Through the model calculations, we
confirm the presence of QSH-like phononic states with
topologically protected edge states under antiferromag-
netic ordering.
Finally, we apply the concept of QSH-like phononic
states to bilayer CrI3 which has been experimentally
demonstrated [33–35]. Here we used experimental lat-
tice constants measured from bulk phases at low temper-
ature to obtain phonon dispersion curves [43]. As shown
in Fig. 4(a), the higher phonon frequency of monolayer
CrI3 can be attributed to Cr atoms rather than I atoms
due to their different atomic masses. Among higher fre-
quencies, we determined that the 20th and 21st modes
around 6.4 THz consist of in-plane Cr displacements [Fig.
4(b)]. More interestingly, they have two Dirac points at
the Γ and K point, which have the potential to yield
non-zero Chern numbers [Fig. 4(a)]. Although the ac-
curate phonon frequencies of these modes depend on the
XC functional forms employed, the two band touching
points were already identified in the previous study [44].
Since the local magnetic moments are localized only on
Cr atoms with the z direction, we impose TRS breaking
terms only for Cr atoms with Ωz components. The TRS
breaking terms open Dirac cones between the 20th and
21st modes, giving rise to Chern numbers of 2 and -2,
respectively [Fig. 4(a)]. Consequently, the appearance of
two chiral edge states is observed by edge calculations,
as shown in Fig. 4(c).
When two CrI3 are stacked in AB stacking, the fre-
quencies of the 20th and 21st modes become slightly split
due to interlayer interactions. We examined the ferro-
magnetic ordering and antiferromagnetic ordering type
TRS breaking terms by manipulating the signs of the
Ωz components for the Cr atoms in each layer. In the
ferromagnetic ordering, the total Chern number was cal-
culated to be 4, which is twice the Chern numbers for
monolayer, and then two edge channels are formed in the
upper and lower layers [Fig. 4(d)]. On the other hand,
the anfierromagnetic ordering causes each layer Chern
number to cancel out, and yields the total Chern num-
ber of zero. Therefore, in bilayer CrI3, it is shown that
QSH-like phononic states are induced by the antiferro-
magnetic ordering, which results in opposite chiral edge
modes [Fig. 4(e)].
Last but not least, we discuss differences between QSH-
like phononic states and QSH electronic states. First of
all, since TRS is explicitly broken in QSH-like phononic
states, the layer Chern number can be any integer, while
QSH states have Z2 invariants. As shown in the above
calculations, bilayer CrI3 has four chiral edge states, and
two of them have a different direction than the others.
Next, it is interesting to note that edge states in the
QSH-like phononic states are not robust to backscatter-
ing because two states localized at different layers are
not protected by symmetry. In QSH states, it is well
known that two spins propagating oppositely at the same
edge do not interact each other due to presence of TRS
[45]. However, in QSH-like phononic states, two edge
states at the same side but localized at different layers
are hybridized when they cross, resulting in a finite band
gap opening [Fig. 4(d) and (e)]. The size of the band
gap depends on interlayer interactions, and thereby it
vanishes when interlayer interactions are artificially de-
creased [Fig. 4(d) and (e)]. This behavior is similar to the
hybridization between the surface states on different sur-
faces in very thin Bi2Se3 films, because two surface states
in opposite sides are not protected by TRS [46, 47]. This
hybridziation gap may be useful in terms of device ap-
plications because within this hybridization gap there is
no phonon transmission which is distinct from non-trivial
edge states.
In summary, we have demonstrated QSH-like phononic
states in vdW bilayer systems where two layers have dif-
ferent signs of magnetization. Based on the model and ab
initio calculations, we suggest that bilayer CrI3 with an-
tiferromagnetic ordering can potentially realize the pro-
posed QSH-like states. It is expected that twice or zero
conductance will be measured in magnetic vdW bilayer
systems when the magnetic ordering is switched between
ferromagnetic and antiferromagnetic ordering, and these
findings may trigger future device applications such as
spintronics and phononics.
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FIG. 1. A schematic diagram of the effects of TRS breaking
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FIG. 2. (a) An effective k · p approach to consider inter-
layer interactions and TRS breaking terms. (b) A schematic
phase diagram of QSH- and QAH-like states as functions of
interlayer and TRS breaking interaction strengths.
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FIG. 3. (a) The atomic structure for a bilayer honeycomb
lattice model is drawn with intralayer (α) and interlayer (γ)
force constants. Here, we assume that the interlayer interac-
tion is quite small as compared to the intralayer interaction.
(b) The evolution of the Wannier charge center (WCC) of
the model system, including antiferromagnetic ordering type
TRS breaking interactions. (c) and (d) The edge states of
the model system which are projected onto edges and layers,
respectively, and red and blue colors indicate different edges
and layers.
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FIG. 4. (a) Atom-projected phonon dispersion curves for monolayer CrI3. The blue and red circles indicate the atomic weights
of the Cr and I atoms, respectively. The magnified dispersion curve shows phonon frequencies of the 20th and 21st modes with
and without TRS. The two band touching points between the 20th and 21st modes become broken when breaking TRS. (b)
Atomic displacements of Cr atoms for the 20th and 21st phonon modes are drawn. The black and red arrows represent the
20th and 21st phonon modes, respectively. (c) The edge calculation results for monolayer CrI3 when ferromagnetic ordering
type TRS breaking terms are included. The blue and red circles represent edge-projections for right and left edges, respectively.
(d) and (e) The edge calculation results for bilayer CrI3 with ferromagnetic and antiferromagnetic ordering type TRS breaking
terms. The dotted circles indicate the finite gaps due to hybridization between two edge states in the same edge. The right
figures are phonon dispersion curves when interlayer interactions are neglected artificially.
